Abstract. Let A be a path A∞-algebra over a positively graded quiver Q. It is proved that the derived category of A is triangulated equivalent to the derived category of kQ, which is viewed as a dg algebra with trivial differential. The main technique used in the proof is Koszul duality.
Introduction
A ∞ -algebras, invented by J. stasheff [12] , are natural generalization of associative algebras. In this note, we discuss a specific class of A ∞ -algebras obtained from quivers, which we call path A ∞ -algebras. Throughout k is a field. Let Q be a finite positively graded quiver and kQ its path algebra. By a path A ∞ -algebra over Q it is meant a minimal strictly unital A ∞ -algebra over kQ 0 whose underlying associative graded algebra is kQ. We say that an augmented A ∞ -algebra A is quasi-equivalent to a dg algebra B if the enveloping algebra U of A is quasi-equivalent to B as dg algebras (see [5, section 7] ). Our main result is as follows.
Theorem. Let A be a path A ∞ -algebra over a finite positively graded quiver Q. Then A is quasi-equivalent to kQ which is viewed as a dg algebra with trivial differential. In particular, the derived category of A is triangulated equivalent to the derived category of kQ.
The motivation for this result is the following consequence, which concerns the uniqueness of triangulated structures on a given additive category. Let T be a compactly generated (k-linear) algebraic triangulated category and T a compact generator of T . Let A T denote the graded algebra with underlying graded vector space n∈Z Hom T (T, n T ) and whose multiplication is induced by the composition of morphisms in T .
Corollary. Keep the above notations and assumptions. If A T is isomorphic to the path algebra of a finite positively graded quiver, then T is triangulated equivalent to the derived category of A T , which is viewed as a dg algebra with trivial differential.
A ∞ -algebras
In this section we review some of the standard facts on A ∞ -algebras. Most of the following definitions and results come from [8] . A good introduction on this subject is Keller's paper [6] . Let R : = n i=1 k be a finite product of k. For simplicity we use the unadorned ⊗ to denote the tensor product over R. Here is the definition:
n (we do not require that the left and right R-module structures coincide) endowed with a family of homomorphisms of graded R-bimodules m n : A ⊗n → A, n ≥ 1, of degree 2 − n satisfying the following identities (Stasheff identities):
where r, t ≥ 0 and s ≥ 1.
Remark 2.2. Our definition of A ∞ -algebras is more general than the usual definition (which requires that left and right graded module structure of A over R coincide, see for example [11, Definition 2.1]), but fits in the general framework of lefevre in [8] . He deals with A ∞ -algebras in a monoidal abelian category (C, ⊙), which is assumed to be k-linear semisimple cocomplete with exact filtered colimits such that for any object M ∈ C, the functors M ⊙? and ? ⊙ M are exact and commute with filtered colimits. Our A ∞ -algebras in Definition 2.1 are exact the A ∞ algebra in the category of graded R-bimodules.
′ is a family of homomorphisms of graded R-bimodules f n : A ⊗n → A ′ , n ≥ 1 of degree 1 − n satisfying the following identities:
where s ≥ 1; r, t ≥ 0 and ω = 1≤x<y≤p
By definition, f 1 is a morphism of complexes. We say that an A ∞ -morphism f is a quasi-isomorphism if f 1 is a quasi-isomorphism of complexes.
An A ∞ -morphism f is said to be strict if f i = 0 for i > 1. An A ∞ -algebra A is strictly unital if there is a strict morphism η :
Morphisms between strictly unital A ∞ -algebras are required to preserve units. A strictly unital A ∞ -algebra is augmented if it is endowed with a strict morphism ǫ : A → R of strictly unital A ∞ -algebras (which is called an augmentation) such that ǫ • η = id R . The graded R-bimoduleĀ = Kerǫ is called the augmentation ideal of A. Morphisms between augmented A ∞ -algebras are also required to preserve augmentation. It is easy to see the restrictions of m n ′s onĀ makeĀ an A ∞ -algebra which is not unital in general.
Given a graded R-bimodule M , we denote by sM the graded R-bimodule which has the same underlying bimodule structure as M but with a new grading given by (sM ) n = M n+1 . We use the notation 's' to denote the map M → sM of degree −1 which is the identity map when forgetting the grading. Let (A, m n ) be an augmented
⊗Rn , then n>0 d n induces a coderivation d of degree 1 on the tensor coalgebra T R (sĀ). In fact, it is proved in [12] that d is a differential on T R (sĀ) and (T R (sĀ), d) is an augmented dg coalgebra, which is called the bar construction for A and denoted by BA.
A ∞ -algebras are closely related to dg algebras. On the one hand, it is easy to see that a dg algebra over R is just an A ∞ -algebra with m n 's vanishing for n ≥ 3. On the other hand, as the following proposition shows, any augmented A ∞ -algebra is A ∞ -quasi-isomorphic to a dg algebra. For an augmented A ∞ -algebra A, there is an augmented dg algebra U (called the enveloping algebra of A) and a natural A ∞ -quasi-isomorphism f : A → U which preserves augmentation. Remark 2.5. There is a construction dual to bar construction, named by cobar construction, which is a functor from the category of augmented dg coalgebras to the category of augmented dg algebras. Let C be an augmented dg coalgebra, the cobar construction of C is denoted by ΩC. The enveloping algebra U defined in Proposition 2.4 of an augmented A ∞ -algebra A is actually defined by ΩBA.
The following lemma shows that an augmented A ∞ -algebra admits a minimal model which is still augmented. Lemma 2.6. Let A be an augmented A ∞ -algebra over R. Then there is a minimal augmented A ∞ -algebra A ′ and an A ∞ -quasi-isomorphism f : A ′ → A which is strictly unital and preserves augmentation. 
Let A be a strictly unital
For more details on A ∞ -modules we refer to [8, Section 2.3] and [6, Section 4] . Let A be an augmented A ∞ -algebra over R and M od ∞ (A) be the the category of strictly unital A ∞ -modules over A with strictly unital A ∞ -morphisms as morphisms. The derived category D(A) is the category obtained from M od ∞ (A) by formally inverting all A ∞ -quasi-isomorphisms. The category D(A) is a triangulated category whose suspension functor is the shift functor [1] .
Remark 2.8. If A is a dg algebra which is unital over R, a (right) unital dg module M over A can be viewed as an strictly unital A ∞ -module over A with m M n = 0 for n ≥ 3. By [8, Lemme 4.1.3.8], the derived category of dg A-modules is canonically equivalent to the derived category of strictly unital A ∞ -modules over A. We will identify these two derived categories. Let M, N be two right dg modules over A. The complex (over k) Hom A (M, N ) of homomorphisms from M to N over A is defined as follows. The component Hom 
The following propositions will be used in the proof of Lemma 3.8. 3. Path A ∞ -algebra on a positively graded quiver
In this section, we will introduce the definition of path A ∞ -algebras over a finite positively graded quiver and prove the main theorem. Definition 3.1. A positively graded quiver Q is a finite graded quiver whose arrows are in positive degrees and vertices are in degree 0. We use Q 0 denote the set of vertices and Q 1 the set of arrows.
Let Q be a positively graded quiver and kQ the path algebra. The subalgebra kQ 0 is clearly a separable commutative algebra over k. Denote by u : kQ 0 → kQ the canonical embedding and ε : kQ → kQ 0 the canonical projection.
Definition 3.2.
A path A ∞ -algebra over a positively graded quiver Q is defined to be a minimal, strictly unital A ∞ -algebra over kQ 0 with underlying associative graded algebra kQ and the unit map (u 1 = u, 0, . . .).
Remark 3.3. Let A = (kQ, m 2 , . . .) be a path A ∞ -algebra over a positively graded quiver Q. Since A concentrated in nonnegative degrees and the 0th degree is kQ 0 , the canonical projection (ε 1 = ε, 0, . . .) : A → kQ 0 makes A an augmented A ∞ -algebra over kQ 0 .
Here are two examples, the first one is a path A ∞ -algebra and the second is not. Example 3.5. The graded quiver Q is 2 α / / 1 with |α| = 1. Let e = e 1 − e 2 then e · α = α = −α · e and e 2 = 1. The A ∞ -structure on kQ is defined as follows. m n = 0 for n = 2, 3 and m 2 is the usual multiplication of kQ. For m 3 , we defined it on basis elements by, m 3 (x, y, z) = α if (x, y, z) = (α, e, α) and m 3 (x, y, z) = 0 otherwise. Since m 3 (α, e, α) = 0 which means (kQ, m 2 , m 3 ) is not strictly unital over kQ 0 , so it is not a path A ∞ -algebras under definition 3.2.
The technique to prove the main theorem is Koszul duality for dg algebras, so here I give a brief introduction (see also [5, Section 10] ). Let R be the direct product of n copies of k and e 1 , . . . , e n be the standard basis of R over k. Assume A is an augmented dg algebra over R. Then R is a dg bimodule via the augmentation map over A. We define a dg category A whose set of objects is e 1 , . . . , e n and for any two objects e i , e j the homomorphism space A(e i , e j ) is defined by e j Ae i . A right dg A-module can be viewed as a right dg module over A and vice versa. This implies a canonical triangulated equivalence between the two derived categories D(A) and D(A). Let {S 1 , . . . , S n } be the collection of simple dg submodules of R over A such that S i e j = 0 for i = j and S i e i ∼ = k. Then A is an augmented dg category in the sence [5, section 10.2]. A Koszul dual A * of A is defined as the endomorphism algebra End A (P A ) of a homotopically projective resolution P A of R = S 1 ⊕ . . . ⊕ s n . Keller proved that the Koszul dual of A does not rely on the choice of homotopically projective resolution of R up to quasi-equivalence. Here a quasi-equivalence A → B of dg algebras is a dg A-B-bimocule X together with an element x ∈ Z 0 X such that the maps A → X, a → ax and B → X, b → xb are quasi-isomorphisms. A special case of quasi-equivalence if there is a quasi-isomorphism of dg algebra A → B. If two dg algebras are quasi-equivalence, their derived categories are triangulated equivalence ( [5, Section 7.3] ).
Keep the above assumptions and let M be a right dg module over A. Let pdimM (resp. idimM ) denote the projective dimension (resp. the injective dimension) of M (see [5, Section 10.4 A-module action) , one can define a left dg comodules over BA which is denoted by BA ⊗ π M whose underlying graded spaces is BA ⊗ R M and whose differential is
]). For a graded
Let f : M → N be a homomorphism of left dg A-modules, it's easy to check that BA ⊗ R f : BA ⊗ π M → BA ⊗ π N is a homomorphism of left dg comodules over BA. We get an exact functor BA⊗ π ? from the category of left dg modules over A to the category of left dg comodules over BA.
Since BA⊗ π A is a homotopically projection resolution of R, then End A (BA⊗ π A) is a Koszul dual of A. By the following lemma, we can take D(BA) as a model of Koszul dual of A. In [10] , for an augmented A ∞ -algebra A over k, they define the Koszul dual of A as D(BA). We need remark that since R is a symmetric k-algebra, for a graded R-bimodule M , there is a series of isomorphisms of graded
will be used in the following lemma. Proof. The original statement of this lemma is for R = k, but the proof is similar. Here we give a sketch. First since BA is a dg coalgebra and R is a symmetric k-algebra, we have D(BA) ∼ = Hom −,R (BA, R) as dg algebras. BA ⊗ π A is a leftHom −,R (BA, R) right-A bimodule. So there is a natural homomorphism of dg algebra f : Hom −,R (BA, R) → End A (BA ⊗ π A). We need to show f is a quasiisomorphism. Since BA ⊗ π A is the augment bar resolution of right dg module R over A, there is a quasi-isomorphism ǫ BA ⊗ R ǫ : BA ⊗ π A → R, where ǫ BA is the canonical projection BA → R and ǫ is the canonical projection A → R. Apply the dg functor Hom A (BA ⊗ π A, ?) to ǫ BA ⊗ R ǫ we get a quasi-isomorphism End A (BA⊗ π A) → Hom A (BA⊗ π A, R) of R-bimodules. There is an exact sequence of right dg module over A
Here i is the inclusionĀ → A and BA ⊗ π R = BA ⊗ R R. Apply Hom A (?, R) to the above exact sequence, we get the following exact sequence
Since the morphism (id ⊗ R i)
The following lemma is crucial in the proof of our main result.
Lemma 3.8. Let Q be a positively graded quiver and A a path-A ∞ -algebra on Q. Suppose U is the enveloping algebra of A (see proposition 2.4). Then U is quasi-equivalent to U * * .
Proof. Since U is the enveloping algebra of A, U is an augmented dg algebra over R := kQ 0 and the homology H * (U ) ∼ = H * (A) = kQ is locally finite. By Lemma 3.6 we only need to show pdimR U < ∞, idimR U < ∞ and D(A) belongs to the smallest triangulated subcategory of D(U ) closed under direct sums and containing R.
Let V denote the graded vector space generated by all arrows in kQ and i : V → U be a section of R-bimodule. By a slight abuse of notation, the image of i is also denoted by V . We have a projective resolution of R over kQ as follow:
where µ is the multiplication of kQ and p is the canonical projection. Because H * U ∼ = kQ as graded algebras, by [5, Theorem 3.1.c], the projective resolution of R yields a homotopically projective resolution P → R such that P admits a filtration right dg U -modules 0 ⊆ F 0 = U ⊆ F 1 = P with P/A ∼ = (V ⊗ R U ) [1] in the homotopy category of right dg module over U . This implies that pdimR < ∞. Dually using [5, Theorem 3.2.c], one can show that idimR < ∞.
We view U as an augmented A ∞ -algebra over kQ 0 and A as a minimal model of U . For convenience, we make the following convention. We use D(U ) to denote the derived category of right dg modules over U and D(A) the derived category of right strictly unital A ∞ -modules over A. Loc(R) (resp. Loc(R A )) denote the the smallest triangulated subcategory of D(U ) (resp. D(A)) closed under arbitrary direct sums and containing R.
It remains to show that D(U ) ∈ Loc(R). Since U is a dg algebra and A is a minimal model of U , by Proposition 2.9 and Remark 2.8, there is a triangulated equivalence between D(U ) and D(A) which induces a triangulated equivalence between Loc(R) and Loc(R A ). To show D(U ) ∈ Loc(R) is equivalent to show that D(U ), which is viewed as an right A ∞ -module over A, belongs to Loc(R A ).
By Proposition 2.10, let (H
is concentrated in nonpositive degrees. Note that m n is of degree 2−n for n ≥ 2, it is easy to see H * (D(U )) admits a filtration of A ∞ -submodules {F p } for p ≥ 0 defined as follow:
and there is a series of exact sequences of A ∞ -modules
, we obtain the following series of triangles in D(A):
for p ≥ 0. By induction, all F p ∈ Loc(R A ) for p ≥ 0. Since lim Theorem 3.9. Let (A, m 2 , . . .) be a path A ∞ -algebra over a positively graded quiver Q. Then A is quasi-equivalent to kQ which is viewed as a dg algebra with trivial differential. In particular, the derived category of right strictly unital A ∞ -modules over A is triangulated equivalent to the derived category of right dg module over kQ.
Proof. The main technique we use here is Koszul duality for dg algebras. A is an augmented A ∞ -algebra over R := kQ 0 , let U be the enveloping algebra of A. By definition we need to show that U is quasi-equivalent to kQ. By Proposition 2.4, there is an A ∞ -quasi-isomorphism of augmented A ∞ -algebras f : A → U which preserves augmentations. We choose a 'proper' homotopically projection resolution of R to compute the Koszul dual of U . Let V denote the graded vector space generated by all arrows in kQ.
Because H * U ∼ = H * A ∼ = kQ as graded algebras, as proved in Lemma 3.8, there is a homotopically projective resolution P → R U such that P admits a filtration of right dg U -modules 0 ⊆ F 0 = U ⊆ F 1 = P such that P/U ∼ = (V ⊗ R U ) [1] . We mention that in Keller's construction (see [5, Theorem 3.2 .c]) one can choose P to be an R-bimodule and all morphisms in the above triangle to be homomorphisms of R-bimodules. By definition U * = End U (P ). Next we compute the cohomology of U * . We have the following triangle
